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Abstract: Opinion formation describes the dynamics of opinions in a group of interaction agents and is a pow-
erful tool for predicting the evolution and diffusion of the opinions. The existing opinion formation studies as-
sume that the agents express their opinions by using the exact number, i.e., the exact opinions. However, when
people express their opinions, sentiments, and support emotions regarding different issues, such as politics,
products, and events, they often cannot provide the exact opinions but express uncertain opinions. Further-
more, due to the differences in culture backgrounds and characters of agents, people who encounter uncertain
opinions often show different uncertainty tolerances. The goal of this study is to investigate the dynamics of un-
certain opinion formation in the framework of bounded confidence. By taking different uncertain opinions and
different uncertainty tolerances into account, we use an agent-based simulation to investigate the influences of
uncertain opinions in opinion formation from two aspects: the ratios of the agents that express uncertain opin-
ions and the widths of the uncertain opinions, and also provide the explanations of the observations obtained.

Keywords: Opinion formation, Uncertain opinions, Uncertainty tolerance, Communication regime, Agent-based
simulation.

Introduction

Opinion formation is a powerful tool for predicting the evolutions and diffusion of opinions (Afshar & Asadpour,
2010). Opinion formation describes the dynamics of opinionsin a group of interaction agents (Urbig et al.2008).
There are two varieties of stabilized results (i.e., consensus and clusters) in opinion formation (Hegselmann et al.
2002). Many opinion formation models have been proposed to discuss the conditions of forming the stabilized
results.

The study of opinion formation went back to (French Jr|1956). According to French’s study, different types of
studies on opinion formation have been proposed (Hegselmann et al.[2015): (i) opinion formation with contin-
uous or discrete time (e.g.,|Lorenz|2005} Salzarulo|2006; |Blondel et al.[2009), (ii) opinion formation based on
different communication regimes (e.g.,[DeGroot|1974;|Latané|1981; Deffuant et al.|2000;|Hegselmann et al.2002;
Krapivsky & Redner|2003;|Urbig et al.|2008;|Deffuant et al.2013;|Lim et al.|2014), (iii) opinion formation with the
multi-dimensional space of possible opinions (Laguna et al.2003;|Fortunato et al.2005;|Etesami et al.|2013), (iv)
opinion formation in a specified network (Friedkin & Johnsen|1990;|Weisbuch|2004; Mckeown & Sheehy|2006;
Righi & Carletti|2009;|Wang & Shang|[2015), and (v) opinion formation considering noises (Pineda et al.|2009}
2013).

The bounded confidence model assumes that each agent solely communicates with the agents who hold simi-
lar opinions and ignores the agents that have sufficiently different opinions. The earliest bounded confidence
models have been introduced independently by Hegselmann and Krause (2002) and by Deffuant and Weisbuch
(2000). The two bounded confidence models are called the HK model and the DW model, respectively. In the
HK model, agents synchronously update their opinions by averaging all opinions in their confidence sets; in the
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DW model, agents follow a pairwise-sequential updating mechanism. Based on the HK and DW models, inter-
esting extended research studies regarding the HK model and the DW model have been conducted (Fortunato
et al.)2005;|Ceragioli & Frasca|2012;Morarescu & Girard|2011).

Previous studies have significantly advanced the bounded confidence models. In this study, we propose the
dynamics of uncertain opinion formation in the framework of bounded confidence. This study is motivated by
the following aspects:

1. In the existing studies, the agents express opinions by using the exact number, i.e., the exact opinions.
However, whether the opinion formation occurs in daily life or in the context of the Internet, the opinions
of the agents often exhibit uncertainty. For example, when people express their opinions, sentiments,
or support emotions regarding different issues, such as politics, products, and events, they often cannot
provide exact opinions, but express uncertain opinions. Generally, the numerical intervals are the most
basic formats of uncertain opinions (Dong et al.|2013;|Dong & Herrera-Viedma|2015). Thus, it is necessary
to propose the uncertain opinion formation model, which will provide a foundation for investigating the
dynamics of uncertain opinion formation.

2. In the practical opinion formation problem, the agents who encountered uncertain opinions often show
different uncertainty tolerances. The differences in uncertainty tolerances are close to the culture back-
grounds and characters of agents (Sutton et al.[2004). For example, the agents with decisive or perfec-
tion seeking characters are interested in exact opinions, and they hope to communicate with the exact
opinions. Thus, it is necessary to investigate the dynamics of uncertain opinion formation by considering
different uncertainty tolerances.

The proposal can be applied to address certain opinion formation problems in the real world such as, when the
government attempts to analyse the dynamics of public opinions on introducing the chemical project, some
citizens may express uncertain opinions on the necessity of introducing the chemical project. Furthermore,
different citizens who encountered uncertain opinions show different uncertainty tolerances. Therefore, when
the proposalincorporated the above uncertainty factors, it can provide the decision support for the government
to analyse the dynamics of public opinions.

The remainder of this study is organized as follows. [Section 2|introduces the HK bounded confidence model.
Then, proposes the uncertain opinion formation model in the framework of bounded confidence.
Next,[Section 4]discuss the influences of uncertain opinions in opinion formation. In[Section 5| the influences of
uncertain tolerances in opinion formation are investigated. Finally, concluding remarks are included in[Section|
[d

The HK Bounded Confidence Model

In this section, we briefly introduce the HK bounded confidence model, which is also the basic model of this
study. The DW model and the HK model are very similar but differ mainly in the communication regime (Urbig
et al.[2008). Thus, if we adopt the DW model as the basic model, a similar work will be conducted.

Consider an opinion formation problem. Let A = {A4;, As,..., Ay} be a set of agents, and ¢ be a discrete
time, respectively. Let X (t) = (z1(¢), 72(t),...,xn(t))T be the opinion profile at time ¢, where x;(¢) € [0, 1]
denotes the exact opinion expressed by agent A; € A attimet. Lete be the homogeneous bounded confidence
of the agents.

Let I(A;, X (¢)) be the confidence set of agent A; at time ¢, and let w;;(¢) be the weight that agent A; assigns
toagent A; attimet,i.e,,

i=1,2

L A eI(A;,X(t
wmm{ Fronxmy S ) LN, U

0, Aj ¢ 1(A, X(1)
where I(A4;, X (t)) = {A;||z:(t)—z;(t)| < e}, and #1(A;, X(t))isthe numberof agentsintheset I(4,, X (t)).

The opinion x;(t 4 1) is then calculated as:

rt+1) = Y wyta(t), i=1,2,...,N. ()
ASeI(A;,X())
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The Uncertain Opinion Formation Model in the Framework of Bounded
Confidence
Inthis section, based on the original HK model, we propose the uncertain opinion formation modelin the frame-

work of bounded confidence. In the proposed uncertain opinion formation model, the agents express their
opinions by either using the exact number (i.e., the exact opinions) or using the numerical intervals (i.e., the

uncertain opinions). Let X(t) = (z1(t),Z2(t),...,Zn(t))T be the opinion profile at time ¢, where 7;(t) =
[ZE(t),zY (1)) € [0,1] (@F(t) < zV(t),fori = 1,2,..., N) denotes the opinion of agent A; at time ¢. Specially,
zV(t) > zL(t) (i = 1,2,..., N) indicates that agent A; expresses the uncertain opinion at time ¢.

The proposed uncertain opinion model consists of three steps. The first step is to determine the confidence
set for each agent. Let I(A;, X(t)) be the confidence set of A; at time ¢. Inspired by the original HK model,
I(A;, X (t)) is determined by

I(Ai, X () = {Ajldi;(t) < e}, i=1,2,...,N, (3)

where d;;(t) denotes the Euclidean distance between the uncertain opinions z;(t) and z;(t), i.e.,

dij(t) = \/1[(@%) — 27 (1) + (@ () — 27 (1)) (4)

Then, the second step is to determine the weights that one agent assigns to other agents. Let w;;(t) be the
weight that agent A, assigns to agent A; at time ¢, and w;; () is given by

1 A c[(A,X(¢
wz](t) = #1(Ai,X () ! "( *( )) ’ i = 17 2a ce 7N7 (5)
0, Aj ¢ 1(A;, X (1))

where #1(A;, X (t)) is the number of agents in the set I(A4;, X (t)).

Finally, the third step is to determine the updated opinions for each agent. Due to the differences in culture
backgrounds and characters of agents, people who encounter uncertain opinions often show different uncer-
tainty tolerances. So, in this study the agents are divided into two types: the agents with the uncertainty toler-
ances, and the agents without the uncertainty tolerances. The agents with the uncertainty tolerances refer to
the agents who can directly communicate both the exact opinions and uncertain opinions. The agents without
the uncertainty tolerances refer to the agents who only communicate with exact opinions. Thus, when con-
fronting uncertain opinions, the agents without the uncertainty tolerances will provide accurate estimations of
the uncertain opinions. For notational simplicity, let A“ be the set of agents with the uncertainty tolerances,
and let A° be the set of agents without the uncertainty tolerances, where A% U A° = A and A% A° = 0.

Specifically, let the agent A; € A%,and 4; € f(AZ-, X (t)). Then A; will directly update his/her opinion based
on the opinion [z£(t), 2Y ()]. Let Z;(t + 1) = [z (t + 1),z (t + 1)] be the opinions of agent A; attime ¢ + 1,
then

ZP(t+1) = wi (T} () + > wi(O)T] (1), A€ AY, (6)
AFEI(A;,X (1))
Y (t+1) = wiu ()ZY () + > wi;(OTY (1), A € A™. (7)

A EI(A;,X(1)),j#
Let the agent A; € A°and A; € I(A;, X(t)). When confronting the uncertain opinion [zF(t), z¥ (¢)] (i.e.,
ff(t) < i?(t)), the agent A; will provide the accurate estimation f;;(¢) as the opinion of A4;, where f;;(t) €
[fJL(t) g‘c?(t)]. Notably, the accurate estimation f;;(t) in our simulation is randomly and uniformly selected
from the uncertain opinion [z (t), Y/ (¢)]. Next, A; will update his/her opinion based on the accurate estimation
fig (8).
Let Z;(t + 1) = [zF(t + 1), 2Y (¢t + 1)] be as before, then

FE(t+1) = wi(HTE(t) + > wii () fij(t),  Ai € A°, (8)
A;EI(ALX(t)),j#i

Z (t+1) = wy ()7 (t) + > wi;(t) fi(t), A € A° (9)
AjEI(As, X (t)),5
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In the Appendix A, we compare the HK model with the proposed model, and analyze the proposed model to
illustrate certain desired properties.

The Influences of Uncertain Opinions in the Opinion Formation

In this section, we assume that all the agents are with the uncertainty tolerances, i.e., A* = A. We then inves-
tigate the influences of uncertain opinions in the opinion formation from two aspects: (1) the influences of the
ratios of the agents expressing uncertain opinions, and (2) the influences of the widths of uncertain opinions.
We consider four indexes in the investigation as follows:

(i) The number of clusters (NC). NC'is the number of different opinions in the stabilized results. Larger NC
values indicate more different opinions among the agents in the stabilized results. In particular, NC' = 1 rep-
resents that the opinions of agents reach a consensus.

(ii) The ratios of the extremely small clusters in all clusters (rgg¢ ). Extremely small cluster (ESC) is the cluster
which includes a few of agents. Let S = {s1, 82, -+ , syc } be the set of clusters in the stabilized results, where
s, denotes the vth cluster,v = 1,2,..., NC. Let #s, be the number of agents in the cluster s,. Based on the

study (Urbig et al.[2008), if #s, < %, then s, is an extremely small cluster. Let # ESC be the number of the

extremely small clusters in the stabilized results, and let rpgc = #23€.

(iii) The ratios of the agents expressing the uncertain opinions in the stabilized results (rs). Assume that the
stabilized results are formed at time t. Let UO = {A;|z¥(t) > zL(t),i = 1,2,..., N} be the set of the
agents expressing the uncertain opinions at time ¢t. And let #U O be the number of agents in the set UO, and
letr, = 299,

s N
(iv) The average widths of uncertain opinions in the stabilized results (W U). Assume that the stabilized results
are formed at time ¢t. Let UO and #U O be as before. Then, WU is determined by

WU Y(t)—zL (). (10)

1
- #UO ZAier (;

Before investigating the influences noted above, we define certain variables in the simulation. Let € [0, 1] be

the ratio of the agents expressing uncertain opinions. Let A € [0, 1] be the maximum width among all of the

initial opinions, i.e., A = max{z¥ (0) — z£(0),i = 1,2,..., N}. Let \' € [0, 1] be the average widths among all
N

of the initial opinions, i.e., \' = 3~ (z{(0) — 2F(0))/N.

(3

=1

The influences of the ratios of the agents expressing uncertain opinions

We investigate the influences of the ratios of the agents expressing uncertain opinions based on three criteria
NC, rgsc and rs. In the simulation, let N = 500 and A = 1. The initial opinions X (0) of N agents are
randomly and uniformly generated. Specifically, without loss of generality, we assume that the former N x r

agents A; (i = 1,2,...,N X r) express uncertain opinions, and the latter N x (1 — r) agents (i = N x
r+ 1, N xr+2,...,N) express the exact opinions. Then, for the former N x r agents A;, their uncertain
opinions 7;(0) (i = 1,2, ..., N x r) are the subintervals that are randomly selected from [0,1], and for the latter

N x (1 — r) agents, their opinions Z;(0) (i = N x r + 1, N x r + 2,..., N) are the exact numbers that are
randomly selected from [0,1]. Next, using Egs. (6)-(7) proceeds with the evolution of opinions. We set different
and ¢ values and run the simulation 1000 times, obtaining the average NC, rgsc and r; values under different
parameters, which are shown in Figures 1-3.

Figure[lshows two findings: (i) The average NC values increase as r increases and (i) the average NC values
decrease as ¢ increases. This implies that the larger ratios of the agents expressing the uncertain opinions will
lead to more clusters. The opposite results will be obtained with the increase in the bounded confidences.
These two observations from Figure[ican be explained as follows:

In the simulation, we find that with the increase in the ratios of the agents expressing the uncertain opinions
and the decrease in the bounded confidences, the interactions among the agents will decrease. As a result,
more clusters will appear.

Figureshows two findings: (i) The average rggsc values increase as r increases, and (ii) The average rpsc
values decrease as ¢ increases. This implies that the ratios of the extremely small clusters in all clusters will
increase with the increase in the ratios of the agents expressing the uncertain opinions. The opposite result will
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be obtained with the increase in the bounded confidences. These two observations can be explained as follows:
In the simulation, we find that the number of the isolated opinions at ¢ = 0 will increase with the increase
in the ratios of the agents expressing the uncertain opinions and the decrease in the bounded confidences.
Consequently, the larger ratios of the extremely small clusters in all clusters will appear.
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Figureshows two findings: (i) The average r; values increase as both r and ¢ increase, and (ii) The average
values are larger than the r values. This implies that with the increase in the ratios of the agents expressing the
uncertain opinions and the bounded confidences, the ratios of the agents expressing the uncertain opinions
in the stabilized result will increase. Meanwhile, the ratios of the agents expressing the uncertain opinions in
the stabilized result will be larger than those in the initial time. These two observations can be explained as
follows: It is clear that the larger ratios of the agents expressing the uncertain opinions in the initial time will
lead to the larger ratios of the agents expressing uncertain opinions in the stabilized result. Meanwhile, when
interacting with the uncertain opinions, the exact opinions in the initial time will gradually become uncertain.
Consequently, the larger ratios of the agents expressing the uncertain opinions in the stabilized result will be
yielded.

The influences of the widths of uncertain opinions

We investigate the influences of the width of uncertain opinions based on three criteria NC, rgsc and WU.
In the simulation, let N = 500 and » = 1. We uniformly and randomly generate N exact numbers y;(0)
(@ = 1,2,...,N)in [0,1]. Based on the generated exact number, we randomly generate the uncertain opin-
ions 7;(0) = [2£(0),zY(0)] (i = 1,2,..., N), where 2L(0) = max{0, y;(0) — §,/2} and 2V (0) = min{y;(0) +
0;/2,1},and d; (i = 1,2, ..., N)isthe exact number that is randomly selected from [0,A]. Clearly, the widths of
all of the generated uncertain opinions are smaller than . Furthermore, the larger A values indicate that all of
the generated opinions are with the larger average widths. Next, using Egs. (6) and (7) proceeds with the evo-
lution of opinions. We set different A and ¢ values and run each simulation 1000 times, obtaining the average
NC,rgsc and WU values under different parameters, which are shown in Figures 4-6.

Figure [4] shows the following finding: The average NC' values increase as X increases. This implies that the
number of clusters will increase with the increase in the widths of uncertain opinions.

Figure[§ shows the following finding: The average rzsc values increase as \ increases. This implies that the
ratios of the extremely small clusters in all clusters will increase with the increase in the widths of uncertain
opinions. The findings observed in Figures[4and[5|can be explained as follows: In the simulation, we find that
with the increase in the widths of uncertain opinions, the interactions among the agents will decrease, and the
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number of the isolated opinions will increase. As a result, more clusters and larger ratios of the extremely small
clusters in all clusters will appear.

Figure[6]shows the following findings: (i) The average WU values increase as \ increases, and (i) The average
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WU values are smaller than the X’ values. This implies that the widths of uncertain opinions in the stabilized
results will increase with the increase in the widths of uncertain opinions in the initial time. Meanwhile, the
average widths of uncertain opinions in the stabilized result will be smaller than those in the initial time. It is
clear that the larger widths of uncertain opinions in the initial time will lead to the larger widths of uncertain
opinions in the stabilized result. Meanwhile, in the simulation, we find that the number of uncertain opinions
with the smaller widths willincrease in the dynamics of uncertain opinion formation. Consequently, the average
widths of uncertain opinions in the stabilized result will become smaller.

The Influences of the Ratios of the Agents with the Uncertainty Tolerances

We investigate the influences of the ratios of the agents with the uncertainty tolerances based on four criteria
(i.e., NC, rgsc, rs and WU) mentioned in section Before investigating these influences, we denote the
ratio of the agents with the uncertainty tolerances as 3, where 8 = #A%/A and 5 € [0,1]. Let the agent
A; € A°and A; € I(A;, X(t)). When confronting the uncertain opinion [zF(t),zY (t)] (zF(t) < 2V (1)), the
agent A; will provide the accurate estimation f;;(t) as the opinion of A;, where f;;(t) € [z£(t), zY (¢)]. Notably,
the accurate estimation f;;(¢) in our simulation is randomly and uniformly selected from the uncertain opinion

(250,79 (1),

In the simulation, we randomly selected N x 3 agents from A, and assume that these selected N x 3 agents are
with the uncertainty tolerances, i.e., the selected N x 3 agents belongto the set A* and the other agents belong
to the set A°. If the agent A; € A°and A; € I(A;, X(t)), the agent A; will provide the accurate estimation
fij(t) as the opinion of A;, where f;;(t) is randomly and uniformly generated from [Ef(t), 5:5] (t)]. Next, we use
the methods in sections 4.3 and 4.4 to generate the initial opinions X (0), and use Egs. (6)-(9) to calculate the
NC,rgsc, rs and WU values. Finally, we set e = 0.1 and different 3, r and A values, and run the simulation
1000 times, obtaining the average NC, rgsc, rs and WU values under different parameters, which are shown

in Figures 7-9.
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Figures[7{a){7[b) show the following finding: When 7 > 0.8 or A > 0.5, the average NC values decrease as /3
increases.

The finding implies that when the ratios of the agents expressing uncertain opinions or the widths of uncertain
opinions are sufficiently large, the number of clusters will decrease with the increase in the ratios of the agents
with the uncertainty tolerances.

The observations from Figu resa)b) can be explained as follows:

In the simulation, when the ratios of the agent expressing uncertain opinions or the widths of uncertain opinions
are sufficiently large, we find that the number of agents in the confidence sets will increase with the increase in
the agents with the uncertainty tolerances. Consequently, less clusters will appear.

Figures[8fa){8|b) show the following finding: When > 0.7 or A\ > 0.4, the average r g sc values decrease as /3
increases.

This implies that when the ratios of the agents expressing uncertain opinions or the widths of uncertain opin-
ions are sufficiently large, the ratios of the extremely small clusters in all clusters will decrease with the increase
in the ratios of the agents with the uncertainty tolerances. The finding in Figurea)b) can be explained as
follows: In the simulation, when the ratios of the agent expressing uncertain opinions or the widths of uncer-
tain opinions are sufficiently large, we find that the number of isolated opinions in the dynamics of uncertain
opinion formation will decrease with the increase in the ratios of the agents with the uncertainty tolerances.
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Consequently, the smaller ratios of the extremely small clusters in all clusters will appear.

Figures[9[a){9fb) show the following finding: The average r; and WU values increase as 3 increases. This im-
plies that both the ratios of the agents expressing the uncertain opinions and the average widths of uncertain
opinions in the stabilized results will increase with the increase in the ratios of the agents with the uncertainty
tolerances. The finding in Figure[9fa){9]b) can be explained as follows: In the simulation, we find that the opin-
ions of the agents without the uncertainty tolerances will gradually become more accurate in the dynamics of
uncertain opinion formation. Thus, with the increase in the ratios of the agents with the uncertainty tolerances,
the larger ratios of the agents expressing uncertain opinions and the larger average widths of uncertain opin-
ions in the stabilized result will appear.

Conclusions

In this study, we investigate the dynamics of uncertain opinion formation based on the bounded confidence
model. In the proposed model, the agents express their opinions by using either numerical intervals (i.e., the
uncertain opinions) or exact numbers (i.e., the exact opinions). Furthermore, based on different communication
regimes, the agents are divided into two types: the agents with uncertainty tolerances and the agents without
uncertainty tolerances.

We use an agent-based simulation to obtain the following findings: (i) With the increase in the ratios of the
agents expressing uncertain opinions and the widths of uncertain opinions, more clusters and larger ratios of
the extremely small clusters in all clusters will appear. Meanwhile, when the ratios of the agents expressing
uncertain opinions or the widths of uncertain opinions are sufficiently large, less clusters and smaller ratios
of the extremely small clusters in all clusters will appear with the increase in the ratios of the agents with the
uncertainty tolerances; (ii) When all the agents are with the uncertainty tolerances, the ratios of the agents
expressing the uncertain opinions in the stabilized result will be larger than those in the initial time. But the
average widths of uncertain opinions in the stabilized result will be smaller than those in the initial time; (iii)
When there exist certain agents without the uncertainty tolerances, both the ratios of the agents expressing the
uncertain opinions and the average widths of uncertain opinions in the stabilized results will be smaller than
those in the initial time.

The proposed model can be applied to address certain opinion formation problems in the real world. For ex-
ample, when the government attempts to analyse the dynamics of public opinions on introducing a chemical
project, certain citizens may express uncertain opinions on the necessity of introducing the chemical project.
Furthermore, different citizens who encountered uncertain opinions have different uncertainty tolerances.

Generally, people express their opinions, sentiments, or support emotions regarding different issues in a social
network. However, in this paper, the influences of different social network structures on uncertain opinion
formation are not considered. Therefore, it would be an interesting future topic to investigate the dynamics of
uncertain opinion formation by considering different social network structures.
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Appendix: Model analysis

In model analysis, we devote to compare the HK model with the proposed model and discuss some desired
properties in the proposed model.

Firstly, in the comparative analysis, we show that the proposed model does not satisfy certain properties of the
isolated fully connected group presented in the HK model. An isolated fully connected group (Urbig et al.|2008)
is a set of agents in which all agents within the same group have a distance smaller than ¢, whereas each agent
outside the group has a distance larger than ¢ to each agent in the group. Here, the distance measure in Eq. (3)
is used to define the isolated fully connected group.

Generally, the HK model satisfies four properties as follows:

(i) Anisolated fully connected group never splits;

(ii) The mean opinions of the agents in an isolated fully connected group remain stable;
(iii) Different isolated fully connected groups never merge.

In the following, we propose three counterexamples to illustrate that the proposed model does not satisfy (i)-
(iii).

Example 1is used to illustrate that (i) is not satisfied in the proposed model. In Example 1, there are four agents
Aq, Ag, Az, Ay € A°. Theirinitial opinions are given by

We set the bounded confidence as: ¢ = 0.2.

Based on Eq. (4), we find that d(z;(t), Z;(t)) < ¢, fori,j = 1,2,3,4and ¢ # j. This indicates that the four
agents have formed an isolated fully connected group.

The initial accurate estimations of A;, As, A5 and A, are given as follows:

All flg(O) = 0.3, f13(0) = O, f14(0) = 0.02; AQ: f21 (O) = 0.3, f23(0) = 0, f24(0) = 0.02;
A31 f31 (0) = 0.3, f32(0) = 0.3, f34(0) = 0.02; A4§ f41 (O) = 0.3, f42(0) = 0.3, f43(0) = 0;
Based on Egs. (8)-(9), we obtain:

0.245,0.3], i=1

0.25,0.3], 1=2

0.01,0.06], i=3

0.01,0.055], =4

[
Ei(1) = { 12)
[

We find: d(Z1(1),Z2(1)) < &,d(Z3(1),Z4(1)) < &,and d(z;(1),Zx(1)) > e,forl = 1,2 and k = 3,4. Clearly,
the agents A; and A, form an isolated fully connected group at time ¢ = 1, and the agents A3 and A4 form the
other isolated fully connected group at time ¢ = 1.

Example 2 is used to illustrate that (ii) is not satisfied in the proposed model. In example 2, there are five agents
Aq, As, A3, Ay and As, where Ay, A3, As € A% and As, A4 € A°. Theirinitial opinions are given by

(0.1,0.3] i=1
0.05, i=2
z:(0) = { 0.25, i=3 (13)
0,0.2], i=4
0.1, i=5

We set the bounded confidence as: ¢ = 0.2.

Based on Eq. (4), we find that d(Z,(0),Z;(0)) < e,fori,j =1,2,...,5andi # j. This statement indicates that
the five agents have formed an isolated fully connected group. Additionally, the mean opinion (i.e., the average
values for Z;(0)) in this isolated fully connected group is equal to [0.10,0.18].
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The initial accurate estimations of agents A5 and A4 are given as follows:

Ag: f21(0) = 0.25, f23(0) = 0.25, f24(0) = 0.1, f25(0) = 0.1;
Ayt f41(0) = 0.2, f42(0) = 0.05, f43(0) = 0.25, f45(0) = 0.1;
Based on Egs. (6)-(9), we obtain:
0.10,0.18], i=1
0.15, i=2
7;(1) =4 [0.10,0.18], i=3 (14)
0.12,0.16], i=4
0.10,0.18], i=5

We find that d(z;(1),Z;(1)) < e,fori,j = 1,2,...,5and i # j. This statement indicates that the five agents
remain in an isolated fully connected group. However, the mean opinion at time ¢ = 1 is equal to [0.114, 0.17].

Example 3is used toillustrate that (iii) is not satisfied in the proposed model. In Example 3, there are four agents
Aj, Ag, Az and Ay, where Ay, Ao, A3, Ay € A°. The agents’ initial opinions are given by

0.245,0.3], i=1
) 025,03, i=2
z:(0) = 0.01,0.06], =3
0.01,0.055], i=4

and the bounded confidence is assumed as: ¢ = 0.2.

Based on Eq. (4), we find that two isolated fully connected groups exist that are formed at time ¢ = 0. Specif-
ically, agents A; and A; formed one isolated fully connected group, and agents A3 and A4 formed the other
isolated fully connected group.

The initial accurate estimations of Ay, A2, A5 and A, are given as follows:

All f12(0) = 025, AQ: fgl(()) = 0245, A3: f34(0) = 0055, A4: f43(0) = 006,

Based on Egs. (8)-(9), we obtain:

0.2425,0.275], i=1
0.2425,0.2725], i=2
0.0325,0.0575], i=3
0.035,0.0575], i=4

(1) = (16)

Assume that: f13(t) = fa1(t) = 0.2425, and f34(t) = faz(t) = 0.0575, fort > 1. Then, based on Egs. (8) and
(9), we obtain:

[0 2495 0.275+0.2425(1+2+...2f*1)} i=1
. ) 21 b -
0.272540.2425(14+24---2t 1) .
zi(t) = [(()).(?9?2255:0 0575(1+2+~--22tt*1) hoi=2 =2, (17)
[= — ,0.0575], =3
[

2 —
0-085-0.0575(424277) [ 0575], i =4

t—1 t
Because lim 0‘27“0‘24252(}*2*”'2’ ) — 0‘275”'22%25(7*1) = 0.2425 , then we obtain: lim z(t) = 0.2425.
t—o0 t—o0

Similarly, we have: lim x5(¢) = 0.2425and lim x3(¢) = lim x4(¢) = 0.0575.
t—o00 t—o00 t—o0

Assumethatzy(t') = x2(t') = 0.2425 and z3(t') = z4(t') = 0.0575, Becausee = 0.2and d(z,(t'), z,(t')) < ¢,
fori,j =1,2,3,4andi # j, then the four agents A;, A5, A3 and A4 formed an isolated fully connected group
attimet’.

Then, two desired properties in the proposed model are discussed. The first property (see Property 1) indicates
that the opinions of the agents without uncertainty tolerances will gradually become more accurate in the dy-
namics of uncertain opinion formation. The second property (see Property 2) indicates that all of the agents
will hold an exact opinion when a consensus among the agents is achieved. The two desired properties are
provided as follows:

Property 1. Let 7;(t) = [2F(t), 2¥ ()] be as defined previously, and let d;(¢) be the width of the opinion z;(t),

where d;(t) = 2V (t) — zL(t). Ifagent A; € A%, d;(t + 1) < d;(¢),fort =0,1,..;

Proof. Without loss of generality, we assume that A; € A°. Based on Eqgs. (7)-(8), if A; expresses the initial
opinions using an exact number, A; will continue expressing the exact opinions at any time. If A; expresses the
uncertain opinion [z (), zV (¢)] (Y (t) > zL(t)) attime t,

g
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Ty (t+1) -z (t+1) =wu ()2 ()+ 2 wii(t) fij () —wiu (L)~ 2 wi; () fi; ()
A EI(Ai, X ()54 AFEI(Ai, X (t)),571
= wi(t)(T{ (t) — T (1))

Because 0 < wy;(t) < 1,thenzV (t + 1) —zL(t +1) < zV(t) — 2L (t). Clearly, d;(t + 1) < d;(2).

This completes the proof.

Property 2. Let 7,(t) = [z (t), 2V (t)] and d;(t) be as defined previously. Assume that a consensus among the

K3

agents is achieved at time ¢t. Then, d;(t) = 0,fori = 1,2,..., N.

Proof. Let [z, U] be the uniform opinion of all of the agents at time . Let A; and A; be any two agents, where
A; € A°and A; € A". Based on Egs. (6)-(9), we obtain:

zh(t+1) = Lzl + ) 0 zU(t+1) = Lzl + ) fy8),
ASEN(A:X (1)), A €14 X (1)),

and

e+ =4+ % wozhal(+) =4l + % & _ g
AFEI(A;, X (b)), AGEI(A,X(1)),j#i

Because the consensus among all of the agents remains stable, then:
Th(t+1) =zt +1)=zlandzy (t+1) =2 (t+1) = zl.

fi(®) _ =k
N

U
Furthermore, we have: = % = % Asaresult, fi;(t) =zt = zY.

This completes the proof.
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